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Abstract
Hyperelastic materials are characterized by an energy-preserving behavior which re-
sults in an identical path for loading, unloading and reloading. Rubbery materials
consist frequently on a cross-linked elastomeric substance containing some percent-
age of particles of carbon as fillers. Due to such fillers, for example, the virgin loading
path differs substantially from the unloading-reloading one. The behavior may then
be considered as a result of damage in the material. This effect is known as part of the
Mullins effect and is present not only in carbon-filled rubbers but also in biological
materials.
In this paper we present a novel formulation of continuum damage mechanics in
hyperelastic materials and an efficient computational procedure for modelling the
Mullins effect in isochoric, isotropic materials. The formulation is based on the
idea that undamaged hyperelastic behavior cannot be measured, but the unloading-
reloading behavior of a damaged material can be readily obtained and on that only
the unloading-reloading curve presents a real hyperelastic behavior. The unloading-
reloading curve may be described by any appropriate constitutive model but using
spline-based functions both the virgin loading and the unloading-reloading curves are
exactly captured. The model is efficient for finite element implementation.
Keywords: hyperelasticity, logarithmic strains, Mullins effect, damage mechanics,
living tissues, polymers.
1 Introduction
Many materials like biological tissues and rubbers are usually modelled as hyper-
elastic isochoric materials [1, 2, 3, 4, 5]. Hyperelastic materials preserve the energy
during closed cycles. Nevertheless many of them display a dissipative behavior known
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as Mullins effect [6, 7, 8, 9, 10, 11, 12] which is frequently modelled as without per-
manent strains. There is as yet no widespread agreement on the physical phenomena
involved whose consequence is a reduction of stiffness [12, 13, 14, 15, 16, 17, 18]
from a phenomenological point of view. In practice, several other inelastic effects
arise under loading and unloading cycles as residual strains [19, 20], dependence of
the shape of the stress-strain curves with rate and temperature, induced anisotropy,
among others. The simplest approach is to model the effect as an isotropic softening
effect through continuum-based damage models [2, 5, 12, 14, 17, 21, 22, 23, 24]. The
most widely used approach for the case of isotropic damage is to suppose an undam-
aged stored energy function and then apply the reduction factor (1 − D) where D
∈ [0, 1) is the scalar damage variable, first proposed by Kachanov [25]. Actually, and
this is a main point of this paper, the undamaged stored energy function can not be
measured, but only the damaged one. Additionally a damage criterion and an evo-
lution function [2, 26, 27] are usually established for the damage variable. Finally,
a parameter-fitting procedure is used to obtain the material constants of the damage
hyperelastic model.
We propose a different approach in which using spline-based hyperelastic models
we are able to capture exactly the experimental stress-strain curves without using any
fitting material parameter [28, 29]. Then a new formulation is developed in which the
unloading-reloading hyperelastic curves are directly obtained from the experimental
data.
In the following sections, we first present the continuum constitutive equations for
isochoric, isotropic damage following a new approach similar to the split operator
typical of computational plasticity. Then we introduce the damage scalar variable.
Finally we give some illustrative examples.
2 Theoretical background
Let E be the logarithmic strains in the reference configuration and T the generalized
Kirchoff stress, work-conjugate of the logarithmic stress [30]. Let wD be an internal
variable and W (E,wD) the stored energy per unit reference volume. The conserva-
tion of energy states that
W˙ = T : E˙ =
W (E,wD)
∂E
: E˙ +
∂W (E,wD)
∂wD
∂wD
∂E
: E˙ (1)
then,
T =
dW (E)
dE
=
W (E,wD)
∂E
∣∣∣∣
w˙D=0
+
∂W (E,wD)
∂wD
∣∣∣∣
E˙=0
∂wD
∂E
(2)
The differentiation in Equation (2) can be construed as a trial-hyperelastic stress
predictor and a damage-stress-corrector parts which is a typical approach employed
in computational elastoplasticity and viscoleasticity. However, as a remarkable differ-
ence with computational plasticity and viscoelasticity, the trial and final states corre-
spond to the same strain.
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The uncoupled form of the stored energy function is given by
W = U (J) +Wd
(
Ed,wD
) (3)
For the isotropic case, the Valanis-Landel hypothesis states for a fixed value of wD
W¯
d
(
λd1, λ
d
2, λ
d
3,wD
)
= ω¯
(
λd1, wD
)
+ ω¯
(
λd2, wD
)
+ ω¯
(
λd3, wD
) (4)
Usually damage is considered to affect only the isochoric contribution and to not
affect incompressibility, so
W
d (lnλ1, lnλ2, lnλ3,wD) = ω (E1, wD) + ω (E2, wD) + ω (E3, wD) (5)
We define the damage variable as the maximum isochoric energy reached up to
time t
wD = max
τ∈(−∞,t)
(
W
d (τ)
) (6)
A similar damage variable has been introduced by several authors, see for example
[22, 27, 31]. For different level of damage we have
W
d
(
Ed, wD1
)
,W
d
(
Ed, wD2
)
, .... (7)
and during unloading-reloading without further damage
W
d
D1
(
Ed
)
,W
d
D2
(
Ed
)
, .... (8)
The functions of the Equation (8) are true hyperelastic functions, however the
Equation (4) is a potential function which depends on damage (dissipative variable).
Each energy function of Equation (8) can be written using the Valanis-Landel decom-
position as
W
d
Dn
(
Ed
)
= ωDn
(
Ed1
)
+ ωDn
(
Ed2
)
+ ωDn
(
Ed3
) (9)
Experimental evidences show that damage decreases the stored energy. We define
the energy release rate tensor as
Y = −
∂Wd
(
Ed,wD
)
∂wD
∂wD
∂E
= γD (10)
where γ = −∂Wd
(
Ed,wD
)
/∂wD is the scalar damage power loss factor.
The stored energy rate results
W˙=U˙ (J) + W˙d
(
Ed,wD
) (11)
=
∂U (J)
∂E
: E˙ +
∂WdD
(
Ed
)
∂Ed
:
∂Ed
∂E
: E˙+
∂Wd
(
Ed,wD
)
∂wD︸ ︷︷ ︸
≤0
∂wD
∂E
: E˙︸ ︷︷ ︸
≥0
(12)
= T v : E˙ + T d : E˙ (13)
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Figure 1: Representation of the the virgin loading and master loading-unloading
curves, of the stored and released energies and definition of the trial state.
where trT d is defined as the trial isochoric Kirchhoff stress tensor, obtained with the
damage frozen,Y is the correction due to damage and T d is the resulting isochoric
Kirchhoff stress tensor. Finally this leads to

T d = trT d for no damage increase; w˙D = 0
T d = trT d − Y for damage increase; w˙D > 0
A representation of all these terms is given in Figure 1.
According to the damage variable introduced, we establish the following damage
criterion
fD =W
d
− wD ≤ 0⇐⇒W
d
≤ wD (14)
The consistency condition during damage process states that
f˙D =
(
trT d − Y −
∂wD
∂E
)
: E˙ = 0 for w˙D > 0 (15)
Considering that the evolution of damage can only occur when there is increasing
deformation E˙ 6= 0
D :=
∂wD
∂E
=tr T d − Y = T d (16)
From Equation (10)
Y =
γ
1 + γ
trT d ⇒ T d =
1
1 + γ
trT d (17)
Compared with computational elastoplasticity, the Equation (17) is basically similar
to the radial return algorithm of Wilkins [32].
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It can be shown [33] that the Valanis-Landel decomposition results into a expres-
sion of the type
W
d (E1, E2, E3, wD) = ψ (wD)W
d
0 (E1, E2, E3) (18)
whereWd0 is a reference, largely damaged, stored energy
W
d
0
(
Ed1 , E
d
2 , E
d
3
)
= ω0
(
Ed1
)
+ ω0
(
Ed2
)
+ ω0
(
Ed3
) (19)
The factor of proportionality ψ (wD) is obviously different for each level of damage.
In summary, only two scalar functions, which can be obtained from a tensile loading-
unloading test, are required. The energyWd0 can be obtained from the user-prescribed
spline-based stored energy function for the maximum expected strain. The factor of
proportionality ψ (wD) is determined as the quotient between the stress given by the
uniaxial virgin test T and the stress given by the master hyperelastic curve T0.
ψ (wD (E)) =
T
T0
(20)
Equation (18) is similar to that of classical damage formulations [2], nevertheless
it should be noted that in our formulation it is a result of isotropy and Valanis-Landel
decomposition. It is noteworthy that the undamaged energy used in most of the models
[2, 22, 27, 34] cannot be obtained experimentally whereas the damaged one Wd0 can
be readily determined. In addition, the virgin loading curve cannot be obtained from
a hyperelastic curve because itself involves damage which is a dissipative process.
3 Examples
We give in this section some illustrative examples of the model. The examples are
selected, with assumed test data, simply to show the capabilities of the model. The
material data needed for the model is merely an experimental virgin loading curve
and the master damaged unloading-reloading curve. This master unloading-reloading
curve must be given up to the maximum expected strain. We have interpolated both
experimental curves using piece-wise splines in order to obtain analytical, continuous
functions. The original data employed and the resulting uniform spline interpolation
are shown in Figure 2. The material is modeled as quasi-incompressible. Therefore,
we introduced a penalty volumetric function with a large equivalent bulk modulus in
order to numerically enforce incompressibility when required. No additional informa-
tion is needed for the model.
As a first simulation we have imposed the uniaxial strain historyE1 shown in Figure
3a. As a result of incompressibility E2 = E3 = −0.5E1. As shown in Figure 3c,
the predicted stress-strain data exactly simulate the prescribed data. Note that we
represent T1 − T2 to remove the indeterminate pressure. In Figure 3b it can be seen
the resulting damage variable evolution versus the strain. Finally in Figure 3d we
illustrate the evolution of the reference isochoric stored energy during the simulation.
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Figure 2: Original stress-strain data and spline fit.
As a second simulation, we prescribe a simple shear history which deformation
gradient is
t
0X =

 1 γ (t)1
1

 (21)
where γ(t) is the shearing parameter. Notice that the imposed deformations are iso-
choric. In Figure 4a is shown the shear history. The resulting strains are shown in
Figure 4b. The predictions using the model are shown in Figure 4c and Figure 4d.
We note that the shear stress reaches a maximum depending on the nonlinearity of
the stored energy with the logarithmic shear strain. This is an observation inherent
to the simple shear test at large strains and which is physically sound [30]. Logarith-
mic strain measures simply reveal this fact. We can observe that for large strains the
components T11 and T22 reach values much larger than shear stresses [30].
The evolution during the simulation of the damage multiplier ψ and of the damage
variable wD are given in Figure 5.
As final simulation, in order to evaluate the capabilities of the model we have pre-
scribed a combined nonproportional axial-torsion load test. This test has been stress-
driven. Figure 6a shows the prescribe stresses where T22 = T33 = T13 = T23 = 0.
The resulting strains are given in Figure 6b.
Figure 7 represents the evolution of the reference isochoric energy W d0 and of the
damage variable wD.
In the table of Figure 8 we represent the numerical performance of the algorithm.
We have used plain Newton algorithms both locally and globally. We have selected
two global step, one in which there is damage evolution and another step where no
damage evolution occurs. The local column shows the number of local iterations used
in obtaining the energy multiplier parameter ψ until the consistency condition is sat-
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Figure 3: Predictions for the uniaxial test. a)Prescribed uniaxial strain. b) Evolution
of the damage variable during the simulation. c) Predictions and uniaxial
prescribed data. d) Evolution of the reference isochoric stored energy during
the simulation.
isfied with a relative tolerance of the damage function of 10−10. For this example, the
typical number of iterations employed per global iteration is 3. The global column
shows the number of global equilibrium iterations required in each step using a con-
sistent tangent [33]. Usually it employs 4-5 iterations per step for a relative tolerance
of the loads of 10−10.
We note that the computational algorithm may be consistently linearized and if
so, second order convergence is achieved. In fact, note that iterations are due to the
hyperelastic response except during damage evolution [33].
4 Conclusions
In this work we present a new formulation and computational procedure for damage
in isotropic, isochoric hyperelastic materials. The approach is based on the idea that is
not possible to measure the undamaged stored energy function, but only the damaged
one. The continuum formulation is based on an operator split which can be inter-
preted as a trial-hyperelastic stress predictor and a damage-stress-corrector. Employ-
ing spline-based stored energy functions, we are capable of replicating both the virgin
loading and the unloading-reloading behavior. We have shown that the algorithm is
very efficient per finite element simulations.
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a) b)
c) d)
Figure 4: Simple shear test prediction. a) The time history for the shear parameter. b)
Resulting strains computed from the deformation gradient. c) Predictions
for the T12 stress versus the shear parameter. d) Predictions for the compo-
nentes T11 and T22.
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